Abstract. This paper describes an algorithm for computing maximal tori of the reductive centralizer of a nilpotent element of an exceptional complex symmetric space. It illustrates also a good example of the use of Computer Algebra Systems to help answer important questions in the field of pure mathematics. Such tori play a fundamental rôle in several problems such as: classification of nilpotent orbits of real Lie groups 
Introduction
A few years ago, while we were at MIT, David Vogan asked us to investigate the classification of admissible orbits of real exceptional Lie Groups. This problem was open for nearly 20 years. After consulting the literature we observed that the problem could be solved by implementing a computational scheme based on a theorem of Takuya Ohta [16] . The interested reader may look at our papers [14] , [15] to see a solution. However the same computational scheme can be adapted to several other problems which are part of a long term project which started about seven years ago. As Computer Algebra Systems and computer hardware become more and more powerful we expect them to be a very important part of the pure mathematician's toolbox. In this paper we intend to explain the basic aspects of the algorithmic scheme and to share our thoughts on some software development projects that we shall start in the near future in order to achieve some compatibility between LiE and Mathematica. We hope that pure mathematicians and computer algebra systems designers will find this paper interesting. In order to proceed we need some definitions. The reader who is not familiar with the concepts of Lie algebras and Lie groups or with the notations used below may want to peruse the appendix at the end of this paper.
Let g be a real semisimple Lie algebra with adjoint Lie group G and g C its complexification. Also let g = k ⊕ p be a Cartan decomposition of g. Finally, let θ be the corresponding Cartan involution of g and σ be the conjugation of g C with regard to g . Then g C = k C ⊕ p C where k C and p C are obtained by complexifying k and p respectively. Denote by K C the maximal compact connected subgroup of the adjoint group G C of g C , with Lie algebra k C .
A triple (x, e, f ) in g C is called a standard triple if [x, e] = 2e, [x, f ] = −2f and [e, f ] = x. If x ∈ k C , e and f ∈ p C then (x, e, f ) is said to be normal. It is a result of Kostant and Rallis [12] that any nilpotent e of p C can be embedded in a standard normal triple (x, e, f ). Let k C (x,e,f ) be the centralizer of (x, e, f ) in k C . Then it is known that k C (x,e,f ) is a reductive Lie algebra. Moreover k C e = k C (x,e,f ) ⊕ n e where n e is a nilpotent ideal.
Problem description and algorithm implementation
Using the above notations we would like to solve the following problem:
Let t be a Cartan subalgebra of g C such that x ∈ t. Find a maximal torus
The reader should be aware that in general t 1 = t (x,e,f . A counterexample can be found in [14] . Furthermore, there is currently no good characterization of such a torus in the literature. And our conversation with several experts led us to believe that such characterization may be quite technical.
Our contribution consists of the solution of the problem for complex exceptional symmetric spaces p C via an algorithm described below.
From now on we shall assume that the group G is a simple exceptional real Lie group and that G C /K C is one of its associated complex symmetric spaces. Let ∆ be the simple Bourbaki root system of G C . If G has equal rank, that is the rank(G) = rank( K) then we choose ∆ k , a simple root system of K C , to be of Vogan type otherwise we choose ∆ k as in Djoković [5] . The Vogan root systems are described in Knapp [11] . Up to conjugacy we can always chose a representative of a class given in Djoković [4], [5] . Hence it is enough to compute t 1 from the data given there. To simplify the description of the algorithm we assume that g has equal rank.
Algorithm
Input: g is a real exceptional simple Lie algebra, ∆ k = {β 1 , . . . , β l }, where l is the rank of k C , and t is a Cartan subalgebra of g C define by ∆ k . However familiarity with Lie theory is enough to convince us that most of the modules in LiE should run fast. The only difficulty is the computation of the nilpotent e when the 2-eigenspace of x in p C is large. We will say more about this below. We shall first give a generic implementation scheme and then we will use a specific example with some pieces of code in order to give the reader a good flavor of the work.
Computation
To compute the neutral element x, we use the labeling given in Djokokić in order to solve a linear system of equations in Mathematica. Once we have computed x, we put its coefficients in a one dimensional array that is fed to a routine written in LiE. This routine computes the 2-eigenspace of x in p C and returns a list of candidates for e. The list of candidates is a two-dimensional array which is reconfigured and fed to Mathematica. This list yields a list of candidates for f by negating its values. At this point Mathematica can test a candidate by solving the system of equations [e, f ] = x on the two lists. Lie theory guarantees the existence of a solution. We can now go back to LiE to compute the brackets [H α i , e] where α i are the simple roots of g C and H α i ∈ t . This allows us to set up a system of linear equations to be solved in Mathematica. The solution of the last system gives a basis for a maximal torus in k C (x,e,f ) . This is the desired torus.
Example
We choose this example so that the reader can quickly check the results. However he or she should be aware that the algorithm can be used for all nilpotents in the exceptional complex symmetric spaces. The reader is encouraged to consult [14], [15] . Let g be EII (or E 6(2) ), a real form ofE 6 , and let
, is a set of simple roots for k C = sl 6 (C) ⊕ sl 2 (C). The root system defined by ∆ k is a Vogan system. See Knapp [11] for more information on such systems.
We consider orbit 6 labeled "00000 4" in Djokovic's classification [4] . We use the given label to compute the neutral element x as follows:
Assume that x = aH α1 +bH α2 +cH α3 +dH α4 +eH α5 +fH α6 with a, b, c, d, e, f ∈ Z Z. Using the Cartan matrix of E 6 we solve the following system in Mathematica:
Hence we find x = 2H α1 + 4H α2 + 4H α3 + 6H α4 + 4H α5 + 2H α6 .
Next we show how to compute the nilpotent e. 
In most cases the equation [e, f ] = x has to be solved in Mathematica from the list of candidates in order to determine e. Next we evaluate the base elements of t on e in order to set up a system of equations to be solved in Mathematica. The solutions of such a system will give a base of the desired maximal torus. Again we show the implementation in the following LiE and Mathematica sessions. Since the base elements that we want are of the form aH α1 + bH α2 + cH α3 + dH α4 + eH α5 + fH α6 , the output of the above LiE session is fed to Mathematica in the form of the following system of equations.
In [2] :
This last result gives us a base of the desired maximal torus
Conclusion and new directions
The implementation of the algorithm described above has to be automated further. Currently, LiE and Mathematica do not share data. We had to write translators in order to transfer the different lists to be processed. The implementation of the search for the nilpotent is exhaustive, that is, we try to compute appropriate subsets of a subset of the 2-eigenspace of the neutral element. Such an eigenspace could be large and therefore we need better search techniques in order to quickly eliminate the branches of the search tree which will not take us to a solution. We have started to work in this direction. We can use the theory of Lie groups in order to increase the speed. However we would like to investigate the possibility of using certain search techniques from the field of Computer Science.
Mathematica is a proprietary multi-purpose software package and the source code is not available to the public. This is not the case for LiE which is designed specifically for computations in complex Lie groups and their representations. The mathematical algorithms are well conceived and their implementations seem to work well on average. In some cases where the Weyl group had to be processed, we observed some scalability problems. We are currently investigating the possibility of adding more functions which deal with real Lie groups and their representations. The scope and feasibility of such a project are being evaluated. An other approach is to realize LiE as a Mathematica package. We have not looked at this alternative. However we believed that such package may not work as well as the stand alone version. It is also desirable to design a good graphic user interface for LiE. LiE is maintained by M. A. A. van Leeuwen at l'Université de Poitiers in France. More information on LiE can be obtained at http://wwwmathlabo.univ-poitiers.fr/ maavl/LiE/.
We should point out that John Stembridge from the University of Michigan USA has created a Mapple software package called Coxeter/Weyl for manipulating weights and characters of irreducible representations of semisimple Lie algebras, including functions for computing weight multiplicities, tensor product decompositions, and branching. However, we found LiE to be faster and easier to use for the type of algorithms we sought to implement. Information on Coxeter/Weyl can be obtained at http://www.math.lsa.umich.edu/ jrs/maple.html#coxeter.
This work was very enjoyable and continues to help us in our mathematical research either for quickly checking conjectures or for carrying out non trivial computations on Lie groups of moderate sizes. We expect this type of activities to become more prevalent in theoretical investigations. The mathematically inclined reader will find one more interesting application of the algorithm in the following appendix.
I. Classification of real nilpotent orbits of G on g
The main result in [13] is a classification of the nilpotent orbits of the real group G on its real Lie algebras g. The classification is an extension of the socalled Bala-Carter classification for complex Lie groups. We were able to use the Kostant-Sekiguchi correspondence to classify the nilpotent orbits of K C on p C instead. Maintaining the above notations the main result is:
Theorem [Noël] . There is a 1-1 correspondence between triples (x, ef ) and triples (l, q, w) where l is a (θ, σ)-stable minimal Levi subalgebra of g C containing e, q a θ-stable parabolic subalgebra of the derived algebra of l and w a L ∩ K Cmodule in p C . ( L is a connected Lie group of g C with Lie algebra l).
Proof. See [13].
The following proposition gives a construction of the minimal Lie algebra l via the algorithm described in this paper.
Proposition [Noël] . If l is a minimal (σ, θ)-stable Levi subalgebra of g C containing a nilpotent element e of p C then l = g C t , where t is a maximal toral subalagebra of k e C and g C t is the centralizer of t in g C .
The next step in the development of the theory discussed in [13] is the explicit realization of the parametrization given in the preceding theorem. Hence, it is necessary to compute the minimal Levi subalgebra which contains the nilpotent.
Here is the LiE session corresponding to the orbit discussed earlier. Thus we find
Hence l is of type A 2 ⊕ T 4 . The reader should be aware of the fact that the derived subalgebra of the minimal theta-stable Levi containing the nilpotent is not in general the regular semisimple subalgebra given by Djoković. A Lie group G is a group and a manifold on which multiplication and taking inverse are analytic. The tangent space of G at the identity element of G is called the Lie algebra of G. The set GL n of all n × n invertible matrices is a Lie group with Lie algebra M n .
II. Basic definitions and Notations
The classical Lie groups are closed subgroups of GL n . The exceptional Lie groups are not subgroups of GL n . The same goes for Lie algebras.
A Lie group acts on its Lie algebra. For example, GL n acts on M n by conjugation. The orbits resulting from this action are called conjugacy classes.
A square matrix B = 0 is nilpotent if there exists p ∈ IN such that B p = 0. Each element z ∈ g defines a map ad z on g as follows: ad z (y) = [z, y] for all y ∈ g. An element z ∈ g is nilpotent if ad z can be represented by a nilpotent matrix. The conjugacy class of a nilpotent element consists of nilpotent elements and is called a nilpotent orbit.
The set of elements of G which fix a specific element x ∈ g is called the centralizer of x in G and is denoted by G x . The centralizer in G of a subset S of g centralizes every element of S and is denoted by G S .
The set of elements y of g which commute with a specific element x ∈ g, that is [x, y] = 0, is called the centralizer of x in g and is denoted by g x . The centralizer in g of a subset S of g commutes with every element of S and is denoted by g S .
A real Lie algebra g has a Cartan decomposition g = k ⊕ p where k is a compact Lie subalgebra of g and p a vector space. In this case there exists a Cartan involution θ of g with 1-eigenspace k and (-1)-eigenspace p. For example, if g = sl(n, IR), the set of n × n real matrices of trace zero, then k = so(n, IR) the set of anti-symmetric matrices g and p is made of the symmetric matrices of g.
In this case the Cartan involution is defined as θ(A) = −A T for all A ∈ g.
A maximal torus of g is a maximal Abelian subalgebra of g. If g = sl(n, IR) then the set of diagonal matrices in g is a maximal torus of g.
